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1 Introduction

1.1 Motivation and Acknowledgements

While the expectation-maximization (EM) optimization approach is well-recognized in
time-series analysis texts as a useful method for obtaining local maximum-likelihood (ML)
parameter estimates of linear state-space model system matrices, avoiding the need to
resort to general gradient-free optimization techniques, the procedure is generally only
described as a means to generate maximum likelihood estimates of full system matrices.

In many practical cases, however, most elements of a state-space model’s system matrices
are set deterministically, with only a small subset requiring estimation (one notable example
of such a case is the fitting of ARIMA models). In such situations, allowing all elements
of the system matrix to vary during the fitting process is clearly undesirable.

A common solution to this challenge is to simply disregard analytical knowledge of the sys-
tem and fall back on gradient-free nonlinear optimization techniques to compute maximum-
likelihood estimates for the unknown parameters. This can be avoided, however, by
parametrizing system matrices as reshaped linear transformations of smaller parameter
vectors, then applying the EM estimation algorithm to the resulting system equations
to generate ML estimates for the parameter vectors alone. This model fitting approach
was first outlined by Holmes and implemented as the MARSS R package (https://cran.
r-project.org/web/packages/MARSS/index.html).

This document re-derives these techniques and describes their implementation in the TimeM-
odels.jl Julia package (https://github.com/JuliaStats/TimeModels.jl). The results
presented here are based very heavily on Holmes’ original derivations (available at https://
cran.r-project.org/web/packages/MARSS/vignettes/EMDerivation.pdf), with some
gaps in derivation steps filled, and changes to notation and the treatment of external sys-
tem inputs that will be more familiar to readers approaching state-space modelling from a
control-theory background.

Like TimeModels.jl, this document is very much a work in progress. In particular, general
contraints for solvable systems (while usually alluded to in the various derivations) are not
yet detailed explicitly. The reader is instead referred to section 10 of Holmes’ derivations,
which provides a relevant summary of such constraints, albeit with the different notation
and external input expressions mentioned above. In some cases where derivations are
identical to those given by Holmes (notational differences aside), only the final results are
given.

1.2 Notation

We define a general multivariate state-space process with Gaussian noise according to the
following notation:

xt = At−1xt−1 +Bt−1ut−1 + vt−1, vt−1 ∼ N (0, Vt−1), t = 2 . . . n
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yt = Ctxt +Dtut + wt, wt ∼ N (0,Wt), t = 1 . . . n

x1 ∼ N (x01, P
0
1 )

Here, xt ∈ Rnx is an unobserved state vector, yt ∈ Rny is an observation vector with
possible missing values, and ut ∈ Rnu is a deterministic input vector. At is the state
transition matrix, Bt is the control input matrix, and Vt is the state transition noise
covariance matrix. Ct is the observation matrix, Dt the feed-forward matrix, and Wt the
observation noise covariance matrix. Each system matrix can be time-varying. x01 and P 0

1

are initial state value and covariance conditions needed to initiate the recursive process
evolution.

2 Kalman Smoothing

Given the observation time series y (possibly containing missing values), the input time
series u, and values for the system matrices, we can applying Kalman smoothing to compute
the probabilistic distribution of the latent state time series x.

After Kalman smoothing, the estimated latent state time series values will be distributed
as xt ∼ N (x̂t, Pt). This distribution is obtained by taking into account all observations
in y. Obtaining these estimates also requires computing and storing a predicted state
distribution xt+1 ∼ N (xtt+1, P

t
t+1), based only on observations y1 . . . yt.

2.1 Prediction and Filtering

xtt+1, P
t
t+1, the Kalman gain matrix Kt, and the marginal log-likelihood δllt of the observed

series given the system matrices can be computed via forward recursion starting from initial
conditions x01, P

0
1 :

εt = yt − Ctxt−1t −Dtut

Σt = CtP
t−1
t CTt +Wt

Kt = AtP
t−1
t CTt Σ−1t

δllt = εTt Σ−1t εt + ln |Σt|

xtt+1 = Atx
t−1
t +Btut +Ktεt

P tt+1 = AtP
t−1
t (At −KtCt)

T + Vt
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2.2 Smoothing

Now, given xt−1t , P t−1t , Kt, and Σ−1t , smoothed values x̂t and Pt can be computed via
backwards recursion, with initial conditions rn = 0nx and Nn = 0nx,nx :

Lt = At −KtCt

rt−1 = CTt Σ−1t εt + LTt rt

Nt−1 = CTt Σ−1t Ct + LTt NtLt

x̂t = xt−1t + P t−1t rt−1

Pt = P t−1t − P t−1t Nt−1P
t−1
t

2.3 Lag-1 Covariance Smoother

The EM parameter estimation procedure described below also requires Pt,t−1, the lag-1
state covariance between xt and xt−1. This can be computed by smoothing a corresponding
“stacked” state space model given as follows:

x̃t =

[
xt
xt−1

]
Ãt =

[
At 0nx,nx

Inx 0nx,nx

]
, B̃t =

[
Bt

0nx,nu

]
, Ṽt =

[
Vt 0nx,nx

0nx,nx 0nx,nx

]

C̃t =
[
Ct 0ny ,nx

]
x̃t = Ãt−1x̃t−1 + B̃t−1ut−1 + ṽt−1, ṽt−1 ∼ N (0, Ṽt−1)

yt = C̃tx̃t +Dtut + wt, wt ∼ N (0,Wt)

The resulting x̃t state covariance P̃t will be a block matrix of the form:

P̃t =

[
Pt Pt,t−1

Pt,t−1 Pt−1

]
from which Pt,t−1 can be easily extracted.
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3 Linear Constraint Parametrization

3.1 System Matrix Decomposition

To parametrize and estimate the time-dependent system matrices, we first factor them
into components that are either time-independent and parametrized, or time-dependent
and explicitly defined:

At = A1tA2|pAA3t, Bt = B1tB2|pB , Vt = GtQ|pQG
T
t

Ct = C1tC2|pCC3t, Dt = D1tD2|pD ,Wt = HtR|pRH
T
t

where pA, pB, pQ, pC , pD, and pR are parameter vectors to be estimated. We require that
Q|pQ and R|pR be invertible in addition to being valid covariance matrices (symmetric and
positive-semidefinite).

3.2 Linear Constraint Formulation

We formalize the linear constraints on the parametrized matrices as:

vec(Z|pZ ) = fZ +DZpZ

where fZ and DZ represent the constant and parameter coefficient terms making up Z.

3.3 System Equation Representation

We define Φt = (GTt Gt)
−1GTt such that:

Φt−1xt = Φt−1At−1xt−1 + Φt−1Bt−1ut−1 + Φt−1Gt−1qt−1

Φt−1xt = Φt−1At−1xt−1 + Φt−1Bt−1ut−1 + qt−1

Using Kronecker product identities, we can now represent the general system equations in
terms of the parameters to be estimated:

vec(Φt−1xt) = vec(Φt−1At−1xt−1) + vec(Φt−1Bt−1ut−1) + vec(qt−1)

Using Ab = vec(Ab) = (bT ⊗ Ina)vec(A), where A is an na×nb matrix and b is a length-nb
vector:

Φt−1xt = Φt−1vec(At−1xt−1) + Φt−1vec(Bt−1ut−1) + qt−1
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Φt−1xt = Φt−1(x
T
t−1 ⊗ Inx)vec(At−1) + Φt−1(u

T
t−1 ⊗ Inx)vec(Bt−1) + qt−1

Φt−1xt = Φt−1(x
T
t−1⊗ Inx)vec(A1t−1A2|pAA3t−1) + Φt−1(u

T
t−1⊗ Inx)vec(B1t−1B2|pB ) + qt−1

Using vec(ABC) = (CT ⊗A)vec(B):

Φt−1xt = Φt−1(x
T
t−1⊗Inx)(AT3t−1⊗A1t−1)vec(A2|pA)+Φt−1(u

T
t−1⊗Inx)vec(B1t−1B2|pB )+qt−1

Using vec(AB) = (Inc ⊗A)vec(B) where B is an nb × nc matrix::

Φt−1xt = Φt−1(x
T
t−1⊗Inx)(AT3t−1⊗A1t−1)vec(A2|pA)+Φt−1(u

T
t−1⊗Inx)(Inu⊗B1t−1)vec(B2|pB )+qt−1

Using the linear constraint definition vec(Z|pZ ) = fZ +DZpZ :

Φt−1xt = Φt−1(x
T
t−1⊗Inx)(AT3t−1⊗A1t−1)(fA+DApA)+Φt−1(u

T
t−1⊗Inx)(Inu⊗B1t−1)(fB+DBpB)+qt−1

Finally, we can consolidate the deterministic elements by defining

fA,t−1 = (AT3t−1 ⊗A1t−1)fA

DA,t−1 = (AT3t−1 ⊗A1t−1)DA

fB,t−1 = (Inu ⊗B1t−1)fB

DB,t−1 = (Inu ⊗B1t−1)DB

which results in

Φt−1xt = Φt−1(x
T
t−1⊗Inx)(fA,t−1+DA,t−1pA)+Φt−1(u

T
t−1⊗Inx)(fB,t−1+DB,t−1pB)+qt−1

The second system equation follows from the same process and gives:

Ξt = (HT
t Ht)

−1HT
t

fC,t = (CT3t ⊗ C1t)fC

DC,t = (CT3t ⊗ C1t)DC

fD,t = (Inu ⊗D1t)fB

DD,t = (Inu ⊗D1t)DB

Ξtyt = Ξt(x
T
t ⊗ Iny)(fC,t +DC,tpC) + Ξt(u

T
t ⊗ Iny)(fD,t +DD,tpD) + rt
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The parametrized initial state and error covariances are given similarly, as follows:

x1 = x01 + ζ, ζ ∼ N (0, P 0
1 ), P 0

1 = JSJ>

x1 = x01 + Js, s ∼ N (0, S)

Introducing the usual linear parameter constraints we get

x01 = fx01 +Dx01
px01 , S = fS +DSpS

Like Q and R, S must be both invertible and a valid covariance matrix. Finally, defining
Π = (J>J)−1J> gives

Πx1 = Πx01 + s = Π(fx01 +Dx01
px01) + s

4 Expectation-Maximization Parameter Estimation

4.1 Basic Log-likelihood Derivation

Given the parametrized system equations and taking errors to be normally-distributed,
the log-likelihood of the states and observations given the matrix parameters can be rep-
resented:

εt = Φt−1xt −Φt−1(x
T
t−1 ⊗ Inx)(fA,t−1 +DA,t−1pA)−Φt−1(u

T
t−1 ⊗ Inx)(fB,t−1 +DB,t−1pB)

εt = Φt−1(xt−(xTt−1⊗Inx)fA,t−1−(xTt−1⊗Inx)DA,t−1pA−(uTt−1⊗Inx)fB,t−1−(uTt−1⊗Inx)DB,t−1pB)

ft = xt − (xTt−1 ⊗ Inx)fA,t−1 − (uTt−1 ⊗ Inx)fB,t−1

at = (xTt−1 ⊗ Inx)DA,t−1

bt = (uTt−1 ⊗ Inx)DB,t−1

εt = Φt−1(ft − atpA − btpB)

ηt = Ξtyt − Ξt(x
T
t ⊗ Iny)(fC,t +DC,tpC)− Ξt(u

T
t ⊗ Iny)(fD,t +DD,tpD)

ηt = Ξt(yt − (xTt ⊗ Iny)fC,t − (xTt ⊗ Iny)DC,tpC − (uTt ⊗ Iny)fD,t − (uTt ⊗ Iny)DD,tpD)

gt = yt − (xTt ⊗ Iny)fC,t − (uTt ⊗ Iny)fD,t

ct = (xTt ⊗ Iny)DC,t

dt = (uTt ⊗ Iny)DD,t
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ηt = Ξt(gt − ctpC − dtpD)

ξ = Πx1 −Π(fx01 +Dx01
px01)

LL = −1

2

n∑
t=2

ε>t Q
−1
t−1εt−

1

2

n∑
t=2

ln |Qt−1|−
1

2

n∑
t=1

η>t R
−1
t ηt−

1

2

n∑
t=1

ln |Rt|−
1

2
ξ>S−1ξ−1

2
ln |S|−n

2
ln 2π

For this and the following sections, it will be useful to define Ṽ −1t−1 = Φ>t−1Q
−1
t−1Φt−1, W̃

−1
t =

Ξ>t R
−1
t Ξt, and P̃ 0

1

−1
= Π>S−1Π. Expanding the above gives:

−LL =
1

2

n∑
t=2

(ft + atpA + btpB)T Ṽ −1t−1(ft + atpA + btpB) +
1

2

n∑
t=2

ln |Qt−1|

+
1

2

n∑
t=1

(gt + ctpC + dtpD)T W̃−1t (gt + ctpC + dtpD) +
1

2

n∑
t=1

ln |Rt|

+
1

2
(fx01 +Dx01

px01)>P̃ 0
1

−1
(fx01 +Dx01

px01) +
1

2
ln |S|+ n

2
ln 2π

4.2 Log-likelihood Derivation with Zero-variance States or Observations

We also need to account for the possibility that some state or observation rows are deterministically-
defined (with Gt or Ht having a one or more all-zero-valued rows), and thus do not make
any probabilistic contribution to the log-likelihood calculation and cannot be estimated via
maximum-likelihood methods. While the values of elements of Gt and Ht can vary in time,
it is assumed their overall rows will remain consistently either all-zero or not-all-zero. There
is additional nuance needed in considering that errors introduced in non-deterministic state
or observation rows have the potential to propagate to seemingly-deterministic rows via
the A and C matrices. Holmes provides the full details of this derivation (along with ex-
planations for associated estimation limitations) and so for brevity only the broad strokes
are presented here.

Given an nx × nx selection matrix Idt that zeros out any rows that are all-zero in Gt, the
fully-deterministic states xd2 can be expressed as:

xd2 = Id2x2 = Id2(A1x1 +B1u1)

xd2 = Id2(A1x1 + (uT1 ⊗ Inx)fB,1 + (uT1 ⊗ Inx)DB,1pB)

Similarly:
xd3 = Id3(A2x2 + (uT2 ⊗ Inx)fB,2 + (uT2 ⊗ Inx)DB,2pB)
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Now, recursing on x2:

xd3 = Id3(A2(A1x1+(uT1 ⊗Inx)fB,1+(uT1 ⊗Inx)DB,1pB)+(uT2 ⊗Inx)fB,2+(uT2 ⊗Inx)DB,2pB)

xd3 = Id3(A2A1x1+(uT2 ⊗Inx)fB,2+A2(u
T
1 ⊗Inx)fB,1+((uT2 ⊗Inx)DB,2+A2(u

T
1 ⊗Inx)DB,1)pB)

More generally, xdt can be expressed via the recursion relations

xdt = Idt (A
∗
t−1x

0
1 + f∗Bu,t−1 +D∗Bu,t−1pB)

A∗t = AtA
∗
t−1, A

∗
0 = Inx

f∗Bu,t = (u>t ⊗ Inx)fB,t +Atf
∗
Bu,t−1, f

∗
Bu,0 = 0

D∗Bu,t = (u>t ⊗ Inx)DB,t +AtD
∗
Bu,t−1, D

∗
Bu,0 = 0

With this recursion we will also need to account for the probabilistic and non-deterministic
components of the expectation of x1. Specifically, defining Id

x01
as a selection matrix zeroing-

out non-deterministic rows in x01 (corresponding to non-zero rows in J):

x̂01 = (Inx − Idx01
)x̂1 + Idx01

x01 = (Inx − Idx01
)x̂1 + Idx01

(fx01 +Dx01
px01)

We can now consider the general log-likelihood formula with deterministic rows set to zero.
Φt−1 will automatically zero out likelihood contributions from deterministic xt rows in the
process evolution terms, while Ξt will do the same for yt in the observation terms and Π
for the initial state x01. We can apply the xdt relation derived above to replace xt−1 and xt
in the process and observation terms respectively.

εt = Φt−1(xt −At−1xt−1 −Bt−1ut−1)

εt = Φt−1(xt −At−1(Inx − Idt−1)xt−1 −At−1Idt−1xt−1 −Bt−1ut−1)

εt = Φt−1(xt −At−1(Inx − Idt−1)xt−1 −At−1xdt−1 −Bt−1ut−1)

εt = Φt−1(xt−At−1(Inx− Idt−1)xt−1−At−1Idt−1(A∗t−2x01 +f∗Bu,t−2 +D∗Bu,t−2pB)−Bt−1ut−1)

ηt = Ξt(yt − Ctxt −Dtut)

ηt = Ξt(yt − Ct(Inx − Idt )xt − CtIdtxt −Dtut)

ηt = Ξt(yt − Ct(Inx − Idt )xt − Ctxdt −Dtut)

ηt = Ξt(yt − Ct(Inx − Idt )xt − CtIdt (A∗t−1x01 + f∗Bu,t−1 +D∗Bu,t−1pB)−Dtut)

ξ = Π(x1 − fx01 −Dx01
px01)
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−LL =
1

2

n∑
t=2

εTt Q
−1
t−1εt +

1

2

n∑
t=2

ln |Qt−1|+
1

2

n∑
t=1

ηTt R
−1
t ηt +

1

2

n∑
t=1

ln |Rt|

+
1

2
ξ>S−1ξ +

1

2
ln |S|+ n

2
ln 2π

From this point we can compute derivatives with respect to to-be-estimated parameter
vectors, and set the expected values (expectation) to zero (maximization). Solving for all
parameters and using them to recompute expected values gives a new model with improved
fit log-likelihood. This process can be repeated iteratively until the log-likelihood value
converges sufficiently.

4.3 Solving for pA

Same for finite-variance rows, doesn’t work for fixed rows. Final result is:

pA =
( n∑
t=1

D>A,t(
̂xt−1x>t−1⊗Q̃t)DA,t

)−1 n∑
t=1

D>A,t
(
vec(Q̃tx̂tx>t−1)−( ̂xt−1x>t−1⊗Q̃t)fA,t−vec(Q̃tBtutx̂

>
t−1)

)

4.4 Solving for pB

We start by taking the derivative of negative log-likelihood with respect to pB. Using the
matrix derivative rule δ

δaa
>Ca = 2a>C:

δ(−LL)

δpB
=

1

2

n∑
t=2

δ

δpB
εTt Q

−1εt +
1

2

n∑
t=1

δ

δpB
ηTt R

−1ηt

δ(−LL)

δpB
=

n∑
t=2

εTt Q
−1 δ

δpB
εt +

n∑
t=1

ηTt R
−1 δ

δpB
ηt

δεt
δpB

= −Φt−1(At−1I
d
t−1D

∗
Bu,t−2 + (uTt−1 ⊗ Inx)DB,t−1)

δηt
δpB

= −ΞtCtI
d
tD
∗
Bu,t−1

δ(−LL)

δpB
= −

n∑
t=2

εTt Q
−1Φt−1(At−1I

d
t−1D

∗
Bu,t−2+(uTt−1⊗Inx)DB,t−1)−

n∑
t=1

ηTt R
−1ΞtCtI

d
tD
∗
Bu,t−1

δ(−LL)

δpB
= −

n∑
t=2

(
xt −At−1(Inx − Idt−1)xt−1 −At−1Idt−1(A∗t−2x1 + f∗Bu,t−2 +D∗Bu,t−2pB)
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−(uTt−1⊗ Inx)fB,t−1− (uTt−1⊗ Inx)DB,t−1pB
)T
Ṽ −1t (At−1I

d
t−1D

∗
Bu,t−2 + (uTt−1⊗ Inx)DB,t−1)

−
n∑
t=1

(
yt−Ct(Inx − Idt )xt−CtIdt (A∗t−1x1 +f∗Bu,t−1 +D∗Bu,t−1pB)−Dtut

)T
W̃−1t CtI

d
tD
∗
Bu,t−1

Taking expectations and setting E
[
δ(−LL)
δpB

]
= 0:

0 = −
n∑
t=2

(
x̂t −At−1(Inx − Idt−1)xt−1 −At−1Idt−1(A∗t−2x̂01 + f∗Bu,t−2 +D∗Bu,t−2pB)

−(uTt−1⊗ Inx)fB,t−1− (uTt−1⊗ Inx)DB,t−1pB
)T
Ṽ −1t (At−1I

d
t−1D

∗
Bu,t−2 + (uTt−1⊗ Inx)DB,t−1)

−
n∑
t=1

(
ŷt−Ct(Inx − Idt )xt−CtIdt (A∗t−1x̂01 +f∗Bu,t−1 +D∗Bu,t−1pB)−Dtut

)T
W̃−1t CtI

d
tD
∗
Bu,t−1

0 = −
n∑
t=2

(
x̂t −At−1(Inx − Idt−1)xt−1 −At−1Idt−1(A∗t−2x̂01 + f∗Bu,t−2)

−(uTt−1 ⊗ Inx)fB,t−1
)T
Ṽ −1t (At−1I

d
t−1D

∗
Bu,t−2 + (uTt−1 ⊗ Inx)DB,t−1)

+
n∑
t=2

(
At−1I

d
t−1D

∗
Bu,t−2pB+(uTt−1⊗Inx)DB,t−1pB

)T
Ṽ −1t (At−1I

d
t−1D

∗
Bu,t−2+(uTt−1⊗Inx)DB,t−1)

−
n∑
t=1

(
ŷt − Ct(Inx − Idt )xt − CtIdt (A∗t−1x̂01 + f∗Bu,t−1)−Dtut

)T
W̃−1t CtI

d
tD
∗
Bu,t−1

+
n∑
t=1

(
CtI

d
tD
∗
Bu,t−1pB

)T
W̃−1t CtI

d
tD
∗
Bu,t−1

0 = −
n∑
t=2

(
x̂t −At−1(Inx − Idt−1)xt−1 −At−1Idt−1(A∗t−2x̂01 + f∗Bu,t−2)

−(uTt−1 ⊗ Inx)fB,t−1
)T
Ṽ −1t (At−1I

d
t−1D

∗
Bu,t−2 + (uTt−1 ⊗ Inx)DB,t−1)

+p>B

n∑
t=2

(
At−1I

d
t−1D

∗
Bu,t−2+(uTt−1⊗Inx)DB,t−1

)>
Ṽ −1t (At−1I

d
t−1D

∗
Bu,t−2+(uTt−1⊗Inx)DB,t−1)

−
n∑
t=1

(
ŷt − Ct(Inx − Idt )xt − CtIdt (A∗t−1x̂01 + f∗Bu,t−1)−Dtut

)T
W̃−1t CtI

d
tD
∗
Bu,t−1

+p>B

n∑
t=1

(
CtI

d
tD
∗
Bu,t−1

)T
W̃−1t CtI

d
tD
∗
Bu,t−1

For clarity we can define:

∆1,t = At−1I
d
t−1D

∗
Bu,t−2 + (uTt−1 ⊗ Inx)DB,t−1
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∆2,t = x̂t −At−1(Inx − Idt−1)xt−1 −At−1Idt−1(A∗t−2x̂01 + f∗Bu,t−2)− (uTt−1 ⊗ Inx)fB,t−1

∆3,t = CtI
d
tD
∗
Bu,t−1

∆4,t = ŷt − Ct(Inx − Idt )xt − CtIdt (A∗t−1x̂01 + f∗Bu,t−1)−Dtut

This gives:

0 = −
n∑
t=2

∆>2,tṼ
−1
t ∆1,t + p>B

n∑
t=2

∆>1,tṼ
−1
t ∆1,t −

n∑
t=1

∆>4,tW̃
−1
t ∆3,t + p>B

n∑
t=1

∆>3,tW̃
−1
t ∆3,t

pB =
( n∑
t=2

∆>1,tṼ
−1
t ∆1,t +

n∑
t=1

∆>3,tW̃
−1
t ∆3,t

)−1( n∑
t=2

∆>1,tṼ
−1
t ∆2,t +

n∑
t=1

∆>3,tW̃
−1
t ∆4,t

)

4.5 Solving for pQ

The solution for pQ is not general, but works in a wide range of special cases, most no-
tably when Q is a simple diagonal matrix of parameters, which when multiplied with any
arbitrary Gt can serve most purposes. Aside from notational differences, the derivation is
identical to the one presented in Holmes, so for brevity only the final result is presented
here:

pQ =
( n∑
t=1

D>Q,tDQ,t

)−1 n∑
t=1

D>Q,tvec(St)

St = Φt(x̂tx>t + x̂tx>t−1A
>
t−1 +At−1x̂t−1x>t − x̂tu>t−1B>t−1−Bt−1ut−1x̂>t +At−1

̂xt−1x>t−1A
>
t−1

+At−1x̂t−1u
>
t−1B

>
t−1 +Bt−1ut−1x̂

>
t−1A

>
t−1 +Bt−1ut−1u

>
t−1B

>
t−1)Φ

>
t

4.6 Solving for pC

The solution for pC is analogous to pA:

pC =
( n∑
t=1

D>C,t(x̂tx
>
t ⊗R̃t)DC,t

)−1 n∑
t=1

D>C,t
(
vec(R̃tŷtx>t )−(x̂tx>t ⊗R̃t)fC,t−vec(R̃tDtutx̂

>
t )
)

12



4.7 Solving for pD

Finite-variance rows works as normal, with constraints

This derivation isn’t in Holmes:

pD =
( n∑
t=1

D>D,t(u
>
t ⊗Iny)>R̃t(u

>
t ⊗Iny)DD,t

)−1 n∑
t=1

D>D,t(u
>
t ⊗Iny)>R̃t

(
ŷt−Ctx̂t−(u>t ⊗Iny)fA,t

)

4.8 Solving for pR

pR is fully analogous to pQ, and the same matrix property constraints apply.

pR =
( n∑
t=1

DR,tD
>
R,t

)−1 n∑
t=1

D>R,tvec(Tt)

Tt = Ξt(ŷty>t + ŷtx>t C
>
t + Ctx̂ty>t − ŷtu>t D>t −Dtutŷt

> + Ctx̂tx>t C
>
t

+Ctx̂tu
>
t D
>
t +Dtutx̂t

>C>t +Dtutu
>
t D
>
t )Ξ>t

4.9 Solving for px01

Solving for px01 is particularly messy given how often it appears in the log-likelihood equa-
tion! The derivation for the final result is very similar to the one used to solve for pB:

δ(−LL)

δpx01
=

1

2

n∑
t=2

δ

δpx01
εTt Q

−1
t−1εt +

1

2

n∑
t=1

δ

δpx01
ηTt R

−1
t ηt +

1

2

δ

δpx01
ξ>S−1ξ

δ(−LL)

δpx01
=

n∑
t=2

εTt Q
−1
t−1

δ

δpx01
εt +

n∑
t=1

ηTt R
−1
t

δ

δpx01
ηt + ξ>S−1

δ

δpx01
ξ

δ

δpx01
εt = −Φt−1At−1I

d
t−1A

∗
t−2I

d
x01
Dx01
≡ −Φt−1∆5,t

δ

δpx01
ηt = −ΞtCtI

d
tA
∗
t−1I

d
x01
Dx01
≡ −Ξt∆7,t

δ

δpx01
ξ = −ΠDx01

δ(−LL)

δpx01
= −

n∑
t=2

ε>t Q
−1
t−1Φt−1∆5,t −

n∑
t=1

η>t R
−1
t Ξt∆7,t − ξ>S−1ΠDx01
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E
[δ(−LL)

δpx01

]
= 0 = −

n∑
t=2

E[εt]
>Q−1t−1Φt−1∆5,t −

n∑
t=1

E[ηt]
>R−1t Ξt∆7,t − E[ξ]>S−1ΠDx01

E[εt] = Φt−1(x̂t−At−1(Inx−Idt−1)x̂t−1−At−1Idt−1(A∗t−2
(
(Inx−Idx01)x̂1+Idx01

(fx01+Dx01
px01)

)
+f∗Bu,t−2+

D∗Bu,t−2pB)−Bt−1ut−1)

E[ηt] = Ξt(ŷt−Ct(Inx−Idt )x̂t−CtIdt (A∗t−1
(
(Inx−Idx01)x̂1+Idx01

(fx01+Dx01
px01)

)
+f∗Bu,t−1+D

∗
Bu,t−1pB)−Dtut)

E[ξ] = Π(x̂1 − fx01 −Dx01
px01)

0 = −
n∑
t=2

(x̂t−At−1(Inx−Idt−1)x̂t−1−At−1Idt−1(A∗t−2
(
(Inx−Idx01)x̂1+Idx01

(fx01+Dx01
px01)

)
+f∗Bu,t−2+

D∗Bu,t−2pB)−Bt−1ut−1)>Ṽ −1t−1∆5,t

−
n∑
t=1

(ŷt−Ct(Inx−Idt )x̂t−CtIdt (A∗t−1
(
(Inx−Idx01)x̂1+Idx01

(fx01+Dx01
px01)

)
+f∗Bu,t−1+D

∗
Bu,t−1pB)−Dtut)

>

W̃−1t ∆7,t − (x̂1 − fx01 −Dx01
px01)>P̃ 0

1

−1
Dx01

0 = −
n∑
t=2

(x̂t −At−1(Inx − Idt−1)x̂t−1 −At−1Idt−1(A∗t−2
(
(Inx − Idx01

)x̂1 + Idx01
fx01

)
+ f∗Bu,t−2+

D∗Bu,t−2pB)−Bt−1ut−1)>Ṽ −1t−1∆5,t +
n∑
t=2

(At−1I
d
t−1A

∗
t−2I

d
x01
Dx01

px01)>Ṽ −1t−1∆5,t

−
n∑
t=1

(ŷt−Ct(Inx−Idt )x̂t−CtIdt (A∗t−1
(
(Inx−Idx01)x̂1+Idx01

fx01

)
+f∗Bu,t−1+D

∗
Bu,t−1pB)−Dtut)

>W̃−1t ∆7,t

+

n∑
t=1

(CtI
d
tA
∗
t−1I

d
x01
Dx01

px01)>W̃−1t ∆7,t

−(x̂1 − fx01)>P̃ 0
1

−1
Dx01

+ (Dx01
px01)>P̃ 0

1

−1
Dx01

∆6,t ≡ x̂t−At−1(Inx−Idt−1)x̂t−1−At−1Idt−1(A∗t−2
(
(Inx−Idx01)x̂1+Idx01

fx01

)
+f∗Bu,t−2+D

∗
Bu,t−2pB)−Bt−1ut−1
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∆8,t ≡ ŷt−Ct(Inx−Idt )x̂t−CtIdt (A∗t−1
(
(Inx−Idx01

)x̂1+Idx01
fx01

)
+f∗Bu,t−1+D∗Bu,t−1pB)−Dtut

0 = −
n∑
t=2

∆>6,tṼ
−1
t−1∆5,t +

n∑
t=2

(∆5,tpx01)>Ṽ −1t−1∆5,t −
n∑
t=1

∆>8,tW̃
−1
t ∆7,t

+
n∑
t=1

(∆7,tpx01)>W̃−1t ∆7,t − (x̂1 − fx01)>P̃ 0
1

−1
Dx01

+ (Dx01
px01)>P̃ 0

1

−1
Dx01

n∑
t=2

(∆5,tpx01)>Ṽ −1t−1∆5,t +
n∑
t=1

(∆7,tpx01)>W̃−1t ∆7,t +Dx01
+ (Dx01

px01)>P̃ 0
1

−1
Dx01

=

n∑
t=2

∆>6,tṼ
−1
t−1∆5,t +

n∑
t=1

∆>8,tW̃
−1
t ∆7,t + (x̂1 − fx01)>P̃ 0

1

−1
Dx01

Transposing the equation and isolating px01 :

( n∑
t=2

∆>5,tṼ
−1
t−1∆5,t +

n∑
t=1

∆>7,tW̃
−1
t ∆7,t +D>x01

P̃ 0
1

−1
Dx01

)
px01 =

n∑
t=2

∆>5,tṼ
−1
t−1∆6,t +

n∑
t=1

∆>7,tW̃
−1
t ∆8,t +D>x01

P̃ 0
1

−1
(x̂1 − fx01)

px01 =
( n∑
t=2

∆>5,tṼ
−1
t−1∆5,t +

n∑
t=1

∆>7,tW̃
−1
t ∆7,t +D>x01

P̃ 0
1

−1
Dx01

)−1
×

( n∑
t=2

∆>5,tṼ
−1
t−1∆6,t +

n∑
t=1

∆>7,tW̃
−1
t ∆8,t +D>x01

P̃ 0
1

−1
(x̂1 − fx01)

)

4.10 Solving for pS

pS can be solved for in a very similar fashion to pQ and pR, although this is not done
explicitly in Holmes:

pS = (D>SDS)−1D>S vec
(
Π(x̂1x>1 − x̂1x

0>
1 − x01x̂>1 + x01x

0>
1 )Π>

)
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